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Modeling the Small-World
Phenomenon with Local
Network Flow

Reid Andersen, Fan Chung, and Linyuan Lu

Abstract.  The small-world phenomenon includes both small average distance and the
clustering effect. Randomly generated graphs with a power law degree distribution
are widely used to model large real-world networks, but while these graphs have small
average distance, they generally do not exhibit the clustering effect. We introduce
an improved hybrid model that combines a global graph (a random power law graph)
with a local graph (a graph with high local connectivity defined by network flow). We
present an efficient algorithm that extracts a local graph from a given realistic network.
We show that the underlying local graph is robust in the sense that when our extraction
algorithm is applied to a hybrid graph, it recovers the original local graph with a small
error. The proof involves a probabilistic analysis of the growth of neighborhoods in the
hybrid graph model.

[. Introduction

The small-world phenomenon usually refers to two distinct properties: small av-
erage distance and the clustering effect where two nodes with a common neigh-
bor are more likely to be adjacent. These properties are ubiquitous in realistic
networks. To model networks with the small-world phenomenon, it is natu-
ral to utilize randomly generated graphs with a power law degree distribution,
where the fraction of nodes with degree k is proportional to k=7 for some pos-
itive exponent 3. This is based on the observations by several research groups
that numerous networks, including Internet graphs, call graphs, and social net-
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works, have a power law degree distribution [Adamic and Huberman 99, Aiello et
al. 00, Azevedo and Leroi 01, Barabdsi and Albert 99, Barabasi et al. 99, Broder
et al. 00, Calvert et al. 97, Cooper and Frieze 03, Faloutsos et al. 99, Jain
and Krishna 01, Kumar et al. 00a, Kumar et al. 99, Kumar et al. 00b, New-
man 01, Mitzenmacher 03].

A random power law graph has small average distances and small diameter. It
was shown in [Chung and Lu 02a] that a random power law graph with a certain
range of parameters almost surely has average distance of order loglogn and has
diameter of order logn. In contrast, the clustering effect in realistic networks is
often determined by local connectivity and is not amenable to modeling using
random graphs.

Most existing models that capture the clustering effect make random modifi-
cations to some underlying graph. Watts and Strogatz [Watts and Strogatz 98]
introduced a model with an underlying graph consisting of vertices on the circle
connected to their k nearest neighbors. Kleinberg [Kleinberg 00] introduced a
model for which the underlying graph is a grid. In both of these models, the
graphs generated do not have a power law degree distribution, and each ver-
tex has the same expected degree. The strict requirement that the underlying
graph be a cycle or grid is unsatisfactory for modeling web graphs or biological
networks.

In this paper we introduce a hybrid graph model where the underlying graph
can be any graph that satisfies a certain local connectivity property. This un-
derlying local graph is then modified by adding the edges of a random power
law graph, which we refer to as the global graph. The graphs generated by the
hybrid model have a power law degree distribution, have small average distances
between vertices, and allow very general underlying graphs.

The main difference between our hybrid model and the model introduced pre-
viously in [Chung and Lu 04] is that our notion of local connectivity is based on
length-bounded network flows instead of length-bounded disjoint paths. Maxi-
mum length-bounded network flows can be computed efficiently using techniques
for general fractional packing problems. This allows us to take a given real-world
network and extract from it a highly connected local graph. We introduce such
an extraction algorithm and prove that when applied to graphs from the hybrid
model, the extraction algorithm recovers the original local graph with only a
small error. The extraction algorithm provides a way to partition a network into
a local graph providing robust local connections and a global graph providing
small distances. Such a partition may have applications for clustering, routing,
and graph visualization.

The paper is organized as follows. In Section 2 we define random power law
graphs. In Section 3 we introduce our notion of local flow connectivity and define
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local graphs and hybrid graphs. In Section 4 we present the Extract algorithm
for extracting local subgraphs. In Section 5 we state the main theorem: the
Extract algorithm approximately recovers the original local graph when applied
to a graph from the hybrid model. The proofs of the main theorem and a few
related theorems are presented in Sections 6 and 7. These proofs require bounds
on neighborhood growth in the hybrid model, which are obtained in Section 8
through a probabilistic analysis. In Section 9 we point out that Extract can
also be viewed as a clustering algorithm with some desirable properties, and we
present drawings and examples.

2. Preliminaries

2.1.  Notation

All graphs considered in this paper are undirected. Given a graph G, we let
de(u,v) denote the graph distance between vertices v and v in G. We will use
the following notation for vertex neighborhoods:

N¢ (u) = {v € Gldg(u,v) <k},

I¢(u) = {veGlda(u,v) =k}

When the graph is understood, we will write Nj(u) and I'y(u). Given two sets
of vertices A and B in G, we let eq(A, B) denote the number of edges in G with
one endpoint in A and the other in B.

2.2.  Random Graphs with Specified Expected Degrees

A random graph G(w) with specified expected degree sequence w = (wy, wa, .. .,
wy,) is formed by including each edge v;v; independently with probability p;; =
w;w;p, where p = (3 w;)~!. This model has a nonzero probability of self-loops,
but the expected number of loops is much smaller than the total number of
edges. We use the convention that a self-loop contributes only 1 to the degree of
a vertex. It is easy to check that vertex v; has expected degree w;. We assume
that max; w? < Y « Wk so that p;; <1 for all  and j. This condition also implies
that the sequence wj is graphical if the w; are integers [Erdés and Gallai 61]. The
typical random graph G(n,p) on n vertices with edge probability p is a special
case of the G(w) model where w = (pn,pn,...,pn). For a subset S of vertices,
we define
Vol(S) = Z w; and Vol (S) = Z wk.

v, €S v; €S
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We let d denote the average expected degree Vol(G)/n and let d denote the
second-order average expected degree Voly(G)/Vol(G). We also let m denote
the maximum weight among the w;.

The main results of this paper are stated for random graphs from the G(w)
model in terms of the parameters d, d, and m. However, we will mostly be inter-
ested in the special case where G(w) is a random power law graph. The expected
degree sequences of these graphs and the resulting values of the parameters d,

d, and m are described in the next section.

23.  Random Power Law Graphs

A random power law graph M(n,3,d,m) is a random graph G(w) whose ex-
pected degree sequence w is determined by the following four parameters:

e 1 is the number of vertices.

[ > 2 is the power law exponent.
e d is the average expected degree.
e m is the maximum expected degree and m? = o(nd).

We let the ith vertex v; have expected degree

1

w; =ct A1

for ig < i <ig+n, for some ¢ and iy (to be chosen later). It is easy to compute
that the number of vertices of expected degree between k and k + 1 is of order
k=P where ¢ = ¢®~1(3 — 1), as required by the power law. To determine ¢, we
consider

Vol(G) = Zwi = Zmﬁ

i>ig

c (g:;) nl=FT,

Here we assume that § > 2. Since nd ~ Vol(G), we choose

c = <M>dnﬂll, (2.1)

31
i - n(m)ﬁ (2.2)

Values of d for random power law graphs are given below (see [Chung and
Lu 02a]):



Andersen et al.: Modeling the Small-World Phenomenon with Local Network Flow 363

Figure 1. Weight distribution f(z). Figure 2. Log-scale of Figure 1.
(8-2)* :
| A+ o)A ey if 6> 3,
d=14(140(1)3dIn 22 if 3 =3, (2.3)

_9)8—1,,3-8 .
(1+ 0(1))d672$_3ﬁw if2< <3

3. local Graphs and Hybrid Graphs

3.1 Length-Bounded Network Flow

There are a number of ways to define local connectivity between two given ver-
tices u and v. Omne natural approach is to consider the maximum size of a
collection of disjoint paths between u and v where each path has length at most
¢ for some fixed constant £. We call such paths short and let as(u,v) be the
maximum number of short edge-disjoint paths between u and v. Similarly, we
let ¢¢(u,v) be the minimum size of a short cut—a set of edges whose removal
leaves no short path between the vertices. Both ay(u,v) and ¢y(u,v) are difficult
to compute. Computing the maximum number of short disjoint paths is NP-
hard if ¢ > 4 and APX-hard if £ > 5 [Itai et al. 82]. Similar hardness results
are known for computing the minimum size short cut [Baier 03]. The analogous
version of the Menger’s theorem for length-restricted paths and cuts does not
hold; in fact, as(u,v) and cp(u,v) can be different by a factor of at least % (see
[Lovész et al. 78], [Boyles and Exoo 82|, [Baier 03]). However, we still have the
trivial relations as(u,v) < co(u,v) < - ap(u,v).

Since the measures of local connectivity are hard to compute, we will consider
instead the maximum short flow between w and v. A short flow is a positive
linear combination of short paths where no edge carries more than one unit of
flow. Finding f;(u,v), the maximum size of a short flow between u and v, can be
viewed as the linear programming relaxation of the maximum short disjoint paths
problem. If we let A be the incidence matrix in which each column represents a
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short path from v to v and each row represents an edge in the graph, then
folu,v) =max{17x | Ax < 1,x > 6} (3.1)
X

The linear programming dual of the maximum short flow problem is a fractional
cut problem. A short fractional cut is a weight function w : E — R7T such that
> ecpw(e) > 1 for every short u — v path P. The dual of the short maximum
flow problem is the problem of finding a short fractional cut that minimizes
> ecqw(e). We let wy(u,v) denote the size of a minimum short fractional cut
and note that LP duality implies

ag(u,v) < fo(u,v) = we(u,v) < co(u,v). (3.2)

Since all the coefficients in the incidence matrix, cost vector, and constraint
vector in the linear program (3.1) are nonnegative, the maximum short flow prob-
lem belongs to a class of linear programs called fractional packing problems that
can be solved efficiently by multiplicative update techniques (see, for example,
[Plotkin et al. 95], [Young 95], and [Garg and Kénemann 97]). In particular, it
is easy to adapt the fractional packing algorithm of Garg and Kénemann [Garg
and Kénemann 97] to approximate maximum short flow within a multiplicative
factor of (1 + ¢€) in time polynomial in € and the size of the graph.

3.2.  Local Graphs

We will use the maximum short flow fy(u,v) to define a measure of local con-
nectivity and to define local graphs. Our definitions involve two parameters f
and /.

Definition 3.1. (Local Connectivity.) We say that vertices u and v are (f,¢)-connected if

fe(u,v) > f.

Definition 3.2. (local Graphs.) A graph L is an (f,¢)-local graph if for each edge
e = (u,v) in L, the vertices u and v are (f,¢)-connected in L\ {e}.

We also define the notion of a local subgraph of a larger graph.
Definition 3.3. (Local Subgraphs) A subgraph L C G (not necessarily induced) is an

(f, £)-local subgraph of G if for each edge e = (u,v) in L, the vertices u and v are
(f,€)-connected in G \ {e}.
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For a given graph G, we define Ly ((G) to be the set of edges e = (u,v)
where fy(u,v) > f in G\ {e}. It is clear that Ly ,(G) is the unique largest local
subgraph of G.

We also wish to consider the largest subgraph L of G that is an (f,¢)-local
graph. Let Lf,(G) be the union of all subgraphs of G that are (f,)-local. By
definition, the union of two (f,¢)-local graphs is an (f,£)-local graph, and so
Ly 4(G) is the unique largest (f,#)-local subgraph in G.

Changing the parameters f and / yields different classes of local graphs. When
one of the parameters is fixed, we have the monotonicity results Ly; C Ly ; if
j>tand Lyy € L, if i > j. We remark that Ly ,(G) is not necessarily
connected, and so the connected components of the local subgraph Ly, induce a
partition Il ; of the vertex set of G. In this case, the monotonicity results imply
that I1¢; is a refinement of I1; ; if j > ¢ and II; ; is a refinement of 11 4 if ¢ > j.

33. Hybrid Power Law Graphs

A hybrid graph H is the union of the edge sets of an (f,¢)-local graph L and a
random global graph R = G(w) on the same vertex set. When generating the
random graph R, we allow the weights w; from w to be assigned arbitrarily to
the vertices of the local graph. Since the proofs will apply to any assignment of
the weights to the vertices, we will ignore the particular assignment and simply
write H = LU R.

We are most interested in the case where the global graph R is a power law
graph M (n, 3,d, m). In this case, the hybrid graph will have small diameter and
average distances, due to the following results on random power law graphs that
appeared in [Chung and Lu 02a].

Theorem 3.4. For a random power law graph R = M (n,3,d, m) and 3 > 3, almost

surely, the average distance is (1 + 0(1))11223 and the diameter is O(logn).

Theorem 3.5. For a random power law graph R = M(n,(3,d,m) and 2 < < 3,
almost surely, the average distance is O(loglogn) and the diameter is O(logn).
For a random power law graph R = M(n,,d,m,L) and 3 = 3, almost surely,
the average distance is O(logn/loglogn) and the diameter is O(logn).

The diameter of the hybrid graph can be smaller than that of the random
power law graph R if the local graph satisfies additional conditions. A local
graph L is said to have isoperimetric dimension ¢ if for every vertex v in L and
every integer k < (loglog n)l/ % there are at least k° vertices in L of distance
at most k£ from v. For example, the grid graph in the plane has isoperimetric
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dimension 2, and the d-dimensional grid graph has isoperimetric dimension d.
The following results appeared in [Chung and Lu 04].

Theorem 3.6. In a hybrid graph H = RU L with R = M(n,,d,m,L) and 2 <
6 < 3, suppose that the local graph has isoperimetric dimension §, where § >
loglogn/(logloglogn). Then, almost surely, the diameter is O(loglogn).

Theorem 3.7. In a hybrid graph H = RUL with R = M (n,3,d,m,L) and 2 < 8 < 3,
suppose that the local graph has isoperimetric dimension 6. Then, almost surely,
the diameter is O((logn)'/?).

Theorem 3.8. In a hybrid graph H = RUL with R = M (n,8,d,m,L) and 2 < 3 < 3,
suppose that each vertex is within distance loglogn of some vertex of degree logn.
Then, almost surely, the diameter is O(loglogn).

4. Extracting the Local Graph

The following simple procedure Extract computes the largest (f,¢)-local sub-
graph of a given graph G.

Extract(f,¢): Given a graph G and parameters (f,¢), for each edge e = (u,v)
compute fo(u,v) in G\ {e}. Let L be the subgraph of G containing the edges
e = (u,v) for which fo(u,v) > f.

It is easy to see that Extract computes Ls ¢(G). There is also a simple greedy

algorithm to compute ﬁ(f, 0)(@), the largest subgraph L of G that is an (f, £)-
local graph.
Recursive Extract(f,f): Given a graph G and parameters (f, /), let H; = G.
At iteration t of the algorithm, scan through the edges e = (u,v) of Hy in any
order and compute fy(u,v) in H; \ {e}. Let Hyyq1 C H; be the set of edges in
H; where fo(u,v) > f. Repeat until no edges are removed during an iteration
of the algorithm, then output the remaining graph H;.

Theorem 4.1. For any graph G and any (f,f), Recursive Extract(f,{) returns
Ly o(G), the unique largest subgraph of G that is an (f,€)-local graph.

Proof. Given a graph G, let L be the graph output by Recursive Extract. A
simple induction argument shows that each edge removed by the algorithm is
not part of any (f,[)-local graph that is a subgraph of G, and thus IA/N(G) CL.
Since no edges were removed from L in the final iteration of the algorithm, L is
(f,1)-local and so L C Ly ¢(G). Thus, L = L;,(G). d




























































